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Non-Linear Bending of a Circular Plate
under Normal Pressure

ELEAZER BROMBERG

1. Introduction

The purpose of this paper is to determine the stresses and deformations
produced by a uniform normal load on a thin circular plate for a wide range
of values of the load and the thickness of the plate. Three types of support
at the boundary are considered and in every case edge effects occur when
the load is large and the plate is very thin. As is generally the case, these
effects are accompanied by difficulties in obtaining numerical solutions by
customary methods and special mathematical treatment becomes necessary.
A method based on boundary layer theory has been developed and is pre-
sented here which makes it possible to get around these difficulties and
obtain satisfactory approximations to the solution.

We take as our point of departure the pair of non-linear partial differ-
ential equations originally derived by v. Karman [6] for the case of plates
with large deflections, Since we confine our interest to solutions possessing
radial symmetry!, we can reduce these relations to ordinary differential
equations which can be solved numerically by any one of several well-
known methods as long as the solution does not vary too rapidly near the
boundary.

A compact form of these equations is derived in Section 2. These
expressions show that for each mode of support the character of the solution
depends on a single parameter %, which is proportional to (N/E)"- (R[h)",
where N is the normal load per unit area, E the modulus of elasticity, R the
radius of the plate and 4 its thickness. For values of 2 < 1, satisfactory
solutions can be obtained by a perturbation expansion with respect to A2
and this is done in Section 3. For larger values, say, 1 < & < 15, a power
series in (r/R)? is used in Section 4.

However, if we attempt to go to still larger values of £ (large load, very

1This assumption is not always warranted. Thus, for example, wrinkling may occur for
a sufficiently large load. This question has been investigated by Yanowitch [9), who used
some of the results obtained in this paper to show that the radially symmetric solution of the
general problem is unstable under certain conditions.
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thin plate) the computations become excessively laborious. These difficul-
ties, together with other characteristics of the solutions as % increases, form
a pattern which is common to systems with boundary layers and which is
described in detail in Section 5. Physically it is typical that the bending
stresses become negligible compared to the membrane stresses over most of
the plate but change rapidly and reach significant values in a narrow strip
near the edge; mathematically, the development of a boundary layer is
characterized by the fact that the coefficient of the highest order derivative
in one of the equations goes to zero as % approaches infinity.

Boundary layer theory has been applied to similar problems of the
deformation of plates in the past by Friedrichs and Stoker [3, 4], Chien [2],
and Bromberg and Stoker [1]. In order to get solutions of sufficient accuracy
in the present problem for values of % ranging from about 15 to infinity, it
was found necessary to develop their asymptotic methods further. The me-
thod which is presented in Section 5 follows rather closely the approach
described by Chien. It has the advantage that it permits approximations
which are originally obtained separately for the boundary layer and the
interior to be combined in a single expression having greater accuracy than
either of its components.

In a considerably earlier investigation, Hencky [5] obtained a general
solution to the problem of a normally loaded circular plate with pinned edges
in which he made the additional assumption that the plate was so thin that
its resistance to bending could be neglected. The effect of such an assump-
tion is to reduce the order of the system of differential equations and conse-
quently also the number of boundary conditions which can be satisfied.
This simplification does not indicate which boundary conditions should be
retained; thus Hencky was forced to make a conjecture about the appro-
priate reduced system of boundary conditions. The Hencky solution turns
out to be the limit of the general solution in the interior of the plate as % goes
to infinity. In Section 5 Hencky’s assumption about the boundary condi-
tions is verified and a procedure is indicated for determining the appropriate
choice of boundary conditions in similar problems.

The author wishes to take this opportunity to express his thanks to Pro-
fessor J. J. Stoker for suggesting this problem and for his guidance and
advice; to Professors K. O. Friedrichs and C. R. De Prima for helpful dis-
cussions and suggestions; and to Professor E. Isaacson for assistance with
some of the computations.

2. Mathematical Formulation

The study of large deflections of plates requires that one of the basic
assumptions of the linear theory of bending be rejected; that is, the normal
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displacements can no longer be considered small in comparison with the
thickness of the plate. By making, instead, the assumption that the squares
of the slopes of the middle surface were comparable to its strains. v. Karman
was led [6, 7] to the following pair of non-linear partial differential equations
for the stresses and displacements:

N 020 Pw 9*® d*w 0?0 otw

2.1 Th\2 EV4w = — — ervirarias Ao ?

2w\?2 J*w J?w
o g [(Z2) 2 2]
(2:2) dxdy. ox? oy?
where
az 62
2 4 y2. Ve Ve — — - ——
(23) v ’ ox? + oy?
The quantity w is the deflection of the middle surface, N is the normal load
1
per unit area, % is the thickness, E is the modulus of elasticity, 7%= l—m,
—y

» is Poisson’s ratio, and @ is a stress function which is related to the stresses
in the middle surface by the relations
2P 0*o 02

e T e YT T g

Since we assume that the plate will deform with radial symmetry, we
may treat all dependent variables as functions only of the distance from the

(2.4) Oz =

Figure 1
Elastic Plate in Buckled Condition

center, r = (x2+y%)% (see Figure 1). Equations (2.1)and (2.2) can now be
written as

N 1 [(de @b d*w id

2.5 PR EViw = _.(_ v L __),

(2:5) PREVte =t o\ T @
1 1 dw @

(2.6) Vg — LY
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and the operator V* becomes

ld( d)
2 . —
(2.7) v ple Urw B

The radial and circumferential stresses a, and ¢, are related to the stress
function by the expressions

o8 1 do P
. Gp=— = —— .

v dr’
The bending moment y, and the radial bending stress o, can be expressed as
functions of the displacement:

(2.9) p
v dw
o= —opnE (a2 %)
Y + r ar
Deferring for the moment the statement of the boundary conditions
at r = R, equations (2.5) and (2.6) can each be integrated once, using the
conditions of regularity at » = 0 to fix the constants of integration. We

thus obtain

d p? dw dD
2. 2By L (veg) =0 4 120
(2.10) PREr S (Ve) =0t 5 o
' v d dw
. o L3
(2.11) E dr( ) dr

These equations can be simplified by introducing new dimensionless
variables

(2.12) 2 =7 R2
(2.13) g = —(Eﬁ)%—lE d—w,
NR/ v dr
(2.14) b= _(ﬂ)%il@,
NR/ E r dr
and a parameter k:
R (NR\*
(2.15) ___(_)
yh \ Eh

The variable p is proportional to the radial stress but it does not obey the
customary sign convention; instead, positive values correspond to compres-
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sions. The variable ¢ is proportional to dw/dz and will be referred to fre-
quently as the slope; near the edge g is roughly proportional to the physical
slope dw/dr. Dimensionless variables p, and m, , proportional to the cir-
cumferential stress and the bending moment, respectively, can be defined
in terms of the new variables

po = pt22p),

(2.16) gt g =
M= 2q +(14v)g = s ir-

Primes will henceforth be used to indicate differentiation with respect to 2.
Introducing the new quantities in (2.10) and (2.11), we obtain,

(2.17) 8%k~%(2q)" +142pg = 0,
(2.18) 8(zp) —q¢* =0
and these together with the boundary conditions which we now proceed to
formulate provide the basis for our investigations.

As stated in the introduction, three types of support at the circum-
ference of the plate are considered. These can be described as follows:

Case A. Pinned and clamped edge, with the circumferential strain and the
slope equal to zero:

pe(1)—rp(1) = 2p"(1)+[1—v]p(1) = 0,
g(1) = 0.

Case B. Pinned edge free to rotate, with the circumferential strain and the
bending moment equal to zero:

po()—rp(1) = 28" (1)+[1—4]p(1) = 0,
my(1) = 2¢(1) 4 [1+]g(1) = 0.

Case C. Simply supported edge with the radial stress and the radial bending
moment both equal to zero:

(2.19A)

(2.19B)

p(1) =0,
m,(1) = 2¢'(1)+[1+v]g(1) = 0.
In addition, we assume in every case that the solutions are finite at the
center of the plate:
(2.20) $(0), ¢(0) finite.
Equations (2.17) through (2.20) constitute a complete statement of the
problem. It can be seen that any particular choice of the parameters of the

problem as formulated originally reduces to the fixing of only two para-
meters, » and k. Of these, » has in practice a narrow range of variation which

(2.19C)
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does not affect the solution qualitatively; in all numerical calculations we
shall set it equal to 0.3. There remains, therefore, only the parameter &,
and we proceed to seek solutions for its entire range of values, from zero to
infinity, using the methods mentioned in Section 1.

3. Perturbation Method

For small values of the parameter it is natural to use a perturbation
method; that is, to develop $ and ¢ as expansions in %2:

pz) = molz)+Bramy (2) Ry (2) + . . .,
q(2) = xo(2) +R2 21 (2) TR xp(2) 4+ - -

which are then substituted into equations (2.17) and (2.18) and the boundary
conditions (2.19) and (2.20). The resulting expressions must be satisfied for
each power of 2% separately. This requirement yields a sequence of equations
in 7, and y; which can be integrated directly if taken in order of increasing
subscripts.

It can readily be determined that =, , y, and =, are identically zero for
all three cases. The first non-zero terms in the expansions for  and ¢ are
Case A: pinned and clamped edge

(3.1)

1 = .0625—.06252,

(3.2A)
7y = (—.238-+.2442—.162%4.04123) X 103,

Case B: pinned edge free to rotate,

x = .159—.0625z,

(3.2B)
Ty = (—3.68+1.572—.4122—}—.04123) X 1073,

Case C: simply supported edge,

a1 = .159—.06252,

(3.2C) ‘
7ty = (—1.20141.573z—.41322+4.04123) X 103,

The solutions y, possess no novelty since they are in every case precisely
those which are obtained from the linear theory of bending when the mem-
brane stresses are neglected. This is not surprising since the assumption
that %, and hence the normal load, are small leads naturally to the linearized
theory.

The quantities n, correspond to the membrane stresses which are pro-
duced by the deformation. These are generally disregarded in linear theory
because they are so small compared to the bending stresses.
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The expression for the dimensionless circumferential stress in Case C is
(3.3) bo = k4(—1.201-+4.719z—2.06522-.287z3) X 10-3

and we note that it changes from a negative value—a tension—in the central
region to a positive value, corresponding to a compression, near the edge.
This is of some interest because it indicates that one of the preconditions
for instability and wrinkling around the edge—namely a band under com-
pressive stresses which increase with the load-—begins to manifest itself
under conditions of very small loading. On the other hand, the circumferen-
tial stresses do not become compressive anywhere in the plate in Cases A or B.

The next non-zero terms in the expansions of (3.1) are y, and #,. These
can easily be computed by the methods indicated at the beginning of this
section. However, they are of little interest since when £ is less than unity
their contributions to g and p, respectively, are small and when % is greater
than unity the power series method described in the next section is more
useful than the perturbation method.

4. Power Series Method

This method is particularly useful for values of % greater than unity
and was used by Way [8] and Stoker and Friedrichs. The variables p and
g are replaced in the equations (2.17) and (2.18) and the boundary conditions
(2.19) and (2.20) by power series in the variable z

P = zﬂnzn;

(4.1) ":"
g = 2 %,2"

n=0

where the 8, and x,, are constant coefficients. Since the resulting expressions
must be satisfied independently for each power of 2, we obtain the following
set of algebraic relations among the 8, , %, :

B2
0= = (%‘f‘ﬂo"o):

k2
= — n=234---,
(4.2) " dn(n+1) ; Bt ’
1 n—1
IR 7{-%_~_, ":1:2:3ﬁ".:
ﬂ Sﬂ(n+l)5§()’n’1

Po . #, finite,

together with the various boundary conditions
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Case A1 3 (2nt+1—9)f, =0, Sx, =0,

n=0 n=0

43)  Case B: S (@ntl—n)f, =0, 3 (@nt1+v), =0,

n==0 n=0
Case C: S8, =0, S (214 149)x, = 0,
n=0 n=0

Equations (4.2) and (4.3) constitute a complicated transcendental system
which must be solved separately for each value of 2 by a cumbersome itera-
tive technique. Our procedure consisted in making estimates of the values
of B, and #, for each value of %, computing the 8, and %, by means of (4.2)
and substituting these values in the summations in (4.3). The resulting
deviations of the sums from zero were then used by the Newton-Raphson
method to obtain improved estimates of £, , %, . This process was repeated
until the values of §, and x, were determined to better than one percent.

The amount of labor involved in our procedure depends on the number
of terms required to obtain accurate estimates of the summations in (4.3) as
well as on the accuracy of the initial estimates of §, and »,. It was found
that the convergence characteristics of the series grew steadily worse as
k increased and we did not obtain any solutions beyond £ = 14.1. Particular
difficulty was encountered in carrying out the computations for Case C.

Solutions obtained by the above methods for several different values of
% are shown in Figures 2 through 9. These include graphs of $ and g, the
dimensionless radial stress and the slope, for all three cases, and of p, and
m, , corresponding to the circumferential stress and the bending moment,
for Case C alone. Every figure also contains a curve representing the limiting
form of the solution in the interior, 0 =< z << 1, as 2 — o0, which was obtain-
ed by methods described in the next section.

It should be noted in the graphs of the slope ¢ that the region of maxi-
mum curvature moves closer to the edge as % increases and also that the
curvature and the slope in this region are increasing. In view of the relation-
ship of the bending moment m, to the slope g as expressed in (2.16), this
means that as % increases a region of rapid variation in the bending moment
begins to appear near the edge. Figure 9 demonstrates this trend in m, ,
which is particularly marked in Case C. This phenomenon corresponds to
the edge effect which was referred to in the introductory section and which
will be discussed in detail in the next section.

The graph of the slope for Case C, Figure 7, shows why this case pre-
sented the greatest computational difficulties: the variable ¢ possesses a
singularity at z = 1 in the limit as £ — oo. It will be shown in the next
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section that accurate solutions can be obtained near the edge in this case by
introducing new variables in place of $ and ¢.

The graph of the variable p, for Case C, Figure 8, shows that the cir-
cumferential stress continues to be tensile in the central region and compres-
sive in an outer strip of the plate, as we found in the previous section for
small values of k. As before, also, the circumferential stresses in Cases A
and B are tensile throughout the plate.

In comparing the solutions for £ = 14.1 and for the limit in the interior
as k — oo, we find that the dimensionless radial stresses for 2 = 14.1 do
not differ markedly from the limit solutions. On the other hand, there are
considerable and significant differences in the slopes, and hence in the bend-
ing moments. There is also a significant difference in the circumferential
stresses in Case C; it is much less marked, however, in Cases A and B, which
are not shown. These differences indicate the desirability of obtaining
solutions for large values of & and of considering the character of the solu-
tions as & — oo.

5. Asymptotic Development

I. General Discussion. The object of this section is to obtain asympto-
tic developments for p and ¢ as k becomes very large. From the results of
the preceding section certain trends in the solutions can be noted. Most
significant for our purposes is the following: As % increases (corresponding
to increasing load N or decreasing relative thickness 4/R) the slope ¢ dis-
plays an increasingly marked difference between its character over a narrow
ring bordering the edge which we call the boundary layer and that over an
inner region which covers most of the plate and which we call the interior.
The solution over the interior shows a rather smooth variation whereas the
solution in the boundary layer is characterized by rapid change. The con-
cept of boundary layers was originally introduced by Prandtl in studying
the rapid change in speed near the boundary of a fluid flowing past a rigid
wall.

If the solution over the interior for large % is extended smoothly to the
boundary, the boundary conditions on ¢ will not be satisfied in any of the
three cases under study. The boundary layer can, therefore, be described
as a region of transition in which the interior solution is modified to satisfy
the actual boundary conditions.

Both the bending moment and the radial bending stress as well as ¢
follow this pattern. Furthermore, for % large, they are very small in the
interior and considerably larger in the boundary layer. This corresponds to
the physical interpretation that the resistance of the plate to bending be-
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comes negligible as & grows large and the bending stresses become negligible
compared to the ‘“‘membrane’ stresses everywhere except in the boundary
layer where the large curvature causes the bending stresses to be significant.
This is also referred to as the edge effect.

The effects just described indicate that the solution for  and ¢ in the
limit as £ — o0 may not be continuous and hence that the solutions of the
fundamental system of equations (2.17) and (2.18) for % finite may not
converge uniformly to a limit as # — co. This can be deduced analytically
from the fact that the coefficient of the highest order derivative in (2.17) is
k2, so that this term drops out as £ — co. The order of the system of equa-
tions is thus reduced in the limit from four to two. A continuous solution
of the reduced system of equations cannot in general satisfy all four boundary
conditions. Since solutions of the original system for finite values'of 2 do
satisfy all four conditions, the limit of these solutions must be discontinuous.

In our problems, the limit solution is continuous over any subinterval
0 < z < 6 < 1 (the interior) and satisfies the reduced system over the semi-
closed interval 0 = z << 1. This is referred to as the interior solution. The
limit solution is discontinuous at z = 1. The form of the general solution in
the neighborhood of the edge for % very large is called the boundary layer
solution.

A knowledge of the boundary conditions which the interior solution
satisfies at the edge would permit us to obtain the interior solution directly
from the reduced system of equations. However, the foregoing considera-
tions do not indicate how the proper conditions can be determined analytic-
ally and one usually resorts to conjectures based on physical intuition or on
trends of numerical results obtained for finite values of 4.

The fact that sequences of solutions for increasing % in the three cases
under consideration do not converge uniformly indicates that the general
expression for a solution, which shall be called g(z, %), is not an analytic
function of 2. It is found, rather, that g(z, £) has an essential singularity
at 271 = 0. The typical solution g(z, £), therefore, cannot be expanded as
a power series in £~! as is done in the perturbation method.

In order to investigate the nature of these solutions, especially near
the boundary, we introduce a new variable

(5.1) x=1-—z

and break g up into two parts (as was done by Chien), of which one
contains the singularity and the other is regular at 2! = 0; thus

(5.2) (2, k) = Gz, k) = I(x, &)+ "goenGn(x)

where ¢ is some negative power of 2. For solutions of Cases A and B, ¢ = k-1
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and the functions G,(z) are bounded and regular in the interval 0 <« < 1.
{We shall henceforth use upper case to represent functions of # and lower
case those of z; thus G(x)=g(z)). Then the G, can be expanded as a power
series:

(5'3) G'n(x> = i Gnrxr - i Bns?’

r=0 s=0

The two parts of G in (5.2) are so chosen that the asymptotic expansion
of the function I'(x, 2) with respect to 21 for x positive has all its terms
equal to zero. (This would, for example, be true of ¢~**.) This function may
have non-zero terms in the asymptotic expansion af z = 0:

(5.4) T(0, k)~ S E"T,,.

n=0
Consequently the function G(x, k) expressed as an asymptotic expansion
with respect to &1, yields

(5.52) G, k) ~ S kG, @) for > 0,
n=0

(5.5b) G, k) ~ S E[G,(0)+ T, at z = 0.
n=0

Thus, in the limit as & — co the solution for G(z, k) becomes discon-
tinuous at & = 0, approaching G,(z) in the interior and G,(0)+1 on
the boundary. This agrees with the previous remarks about the character
of the solution in the limit.

It can now be seen that if we try to solve for G(z, &) by the method of
perturbations with respect to 2! in the normal way (as in Section 3) we can
only obtain the asymptotic series valid in the interior; the contribution of
I'(z, k) will be overlooked. We shall refer to G, as the #-th order interior
solution.

It is generally possible to introduce a new variable y = y(z, &) which
will transform I'(z, ) into a function y(y, 2) which has a non-vanishing
asymptotic expansion for all values of y, if we treat y and % in y as inde-
pendent quantities. In particular in Cases A and B, if we set

(5.6) y = kx = k(1—2z),
v can be expanded in powers of A-L:
(6.7) y{y, k) = Eok‘"n(y)-

The y,(y) are all integral functions of finite order which approach zero
as y approaches infinity. This implies that y%y, (y) -0 as y — co for any
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value of a, and the same is true of the product of ¥* with the derivative of
y, to any order. By substituting for y in (5.7),

(5.8) T k) = 3 by, (k)

and it can be seen that the character of the y,, is consistent with the vanishing
of all terms in the asymptotic expansion of I" with respect to £~ for positive
values of . From (5.4) it follows that

(5.9) 7a(0) = Iy .

The function g(z, k) can now be represented formally as a function of
y and k:
gz, k) = £y, k) = y(y, k) + Zok‘"Gn(k‘ly)

=§wwmwz@ww,

8=0

(5.10)

and, therefore,

(6.10°) 8y, k) = Zo F"8a(y),
where §, replaces the bracket in (5.10). It is instructive, in what follows,
to express g(z, k) also as a mixed function of # and y; namely,

g(z, k) = yo(y)+- 0 (y)+ 5" (y) + -
+Goo +Guxr  FG® + -
(6.11) +k1G,y R G + -
+Eh2Gyy + v
+ e

The reason for the particular ordering is that the rows correspond to y(y, k),
Golz), Gy(x), etc. and the columns correspond to g,(y), &1 (y), Z:(v), etc. The
second and following rows correspond to the zero-th and higher order in-
terior solutions; the columns are called the boundary layer solutions of
zero-th and higher order.

Equations (5.10) and (5.11) demonstrate that as y — co for a fixed &
the boundary layer solutions g, (y) approach polynomials (since the y, (y)—0)
and the coefficients in these polynomials are identical with those which
appear in the power series for the interior solution. This correspondence
takes the form

&G, a
(gn+r_“7n+r)

(5.12) _ & :
dxr =0 dyr y=0

The procedure for obtaining interior, boundary layer and general solu-
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tions can now be formulated. The differential equations for the interior
follow from the replacement of g by its asymptotic expansion (5.5a) in the
interior or its equivalent in terms of z:

(5.5a") Gz z RG Z kg (2)
n=0

and from the requirement that the expression be satisfied identically in 4.
The resulting sets of equations will each be of reduced order. The boundary
conditions at the center, z = 0, for the original system can similarly be
transformed to furnish conditions on the g, . The outer boundary conditions
at 2z = 1 cannot be used, as we have seen, and some of them must be replaced
in order to get a completely formulated interior problem. In general these
replacements are obtained in connection with the boundary layer problem.

The latter is derived by substituting the variable y of (5.6) for « or z
in the original differential equations and by using the expansion (5.10’) for
£{y, k) to obtain a sequence of sets of equations for g,(y). The parameter
ein (5.2) was chosen equal to £~ so that the sets of boundary layer equations
are not reduced in order by this maneuver but retain the same order as the
original one. Again, the question of boundary conditions arises. The condi-
tions at’z = 1 can be transformed into conditions on the §,(y) at y = 0.
However, we now lack conditions corresponding to those at z = 0. Thus, if
we solve the incomplete interior and boundary layer problems, the solutions
will have undetermined constants because of the absence of boundary con-
ditions where the two regions “abut.” These constants are determined by
conditions obtained from the relationships (5.12). The latter express the
consistency of the two solutions and are greater in number than are generally
needed. This does not produce any inconsistencies since the redundant
conditions are naturally satisfied. It is generally a simple matter to make a
suitable selection from among them and so to evaluate the undetermined
constants in both sets of solutions.

The two solutions can be combined to provide an approximation to the
general solution for finite values of 2 which is better than either one taken
alone. From (5.11) we see that successive interior solutions yield successive
rows starting with the second; similarly the sequence of boundary layer
solutions yields successive columns. Each set of # rows or # columns has
terms of (5.11) which the other lacks and also terms which are duplicated.
The combination

(5.13) 8an(?, R) Zok"[gr )+v:(¥)]

furnishes the best #-th order approximation since it includes all terms in
the g, and g, without any of the duplications.



646 ELEAZER BROMBERG

The procedures just described must be modified in Case C to take ac-
count of the fact that the interior solutions possess singularities in x at
2 = 0. Such a singularity would seem, at first glance, to be unacceptable
for physical reasons. However, as we have already seen, the asymptotic
expansion of the complete solution at # = 0 includes terms other than those
obtained from the interior solution; and these additional terms serve to
cancel out the singularities and leave the complete solution regular. The
singularities reflect the fact that the magnitude of the solutions near the
boundary is proportional to some power of 4.

The typical solution in Case C can be expressed in a form similar to that
of (5.2),

(5.14) G, k) = I'lz, &)+ 3 G, (),
n=0

but with a different value of the parameter e&. The functions G, (z) all
possess poles of order up to s at # = 0, so that they can be expanded in the
form

(5.15) G,(x) = x—si G,
r=0

The asymptotic series for Gz, £) in the interior,

(5.16) Glz, k) ~ 3 &G, (@)

n=0
will therefore have a corresponding singularity at # = 0.
In order to study the boundary layer in this case we must revise the
value of ¢ in
(5.17) y=¢lg,
and the expansion of y(y, ¢) becomes

(5.18) v, &) =2y 3 ey, (y)

n=0
so that it may cancel out the poles in the G, . The expressions (5.10) and
(5.11) are modified accordingly:

2y, B) =y S e lya(y)+ z G ot']

(5.19) e
= a—sy——s Zoang-n(y)’
gz k) = x>y (y)+eni(y)+ -+~
(5.20) T +Gpr + -

+eGyy + -
+ -]
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Not only are the y, integral functions of finite order which go to zero as
y — co in this case; they also have a form which causes y—*7,(y) to remain
bounded as y approaches zero.

The procedure for obtaining interior and boundary layer solutions is in
principle the same for Case C as for the other two cases. In the following
paragraphs we apply the above methods to obtain solutions for the three
problems described in Section 2.

II. Case A (pinned and clamped edges). As described above, a
sequence of sets of differential equations is obtained for the interior problem
by substituting the expansions

(5.21) Skrpz) and kg, ()
n=0 n=0

for $ and g, respectively, in the original equations (2.17) and (2.18) and set-
ting the resulting expressions equal to zero identically in 2 This yields

1+2p4q, = 0,
5.22 ’”
(5.22) 8(zp0)" g = 0,
(5.23) Pod1tP19 =0,

4(zp1)" —qo1 = O,

4(qu*2)”+ z p]‘qm—i - O’
(5.24) =0 m=23---

8(2pm)" — 120 9i9n-s =0,

The boundary conditions for the ¢,, and g¢,, are: they remain finite at z = 0
and satisfy relations (5.12) at z = 1 when transformed into corresponding
functions of 2. It can be seen that the order of the system of equations has
been reduced from four to two.

Solutions can be obtained successively for the p, and ¢, by the power
series method. The results for p, and p, which satisfy the condition at z = 0
are

bo=—2 3 p0.(2)

4 n=0 ag
€ z\"
= q —_
pl 1 ng() pln (ag) !

where the first ten coefficients are given in Table I. The quantities a, and 4,
are to be determined by applying conditions (5.12). Expressions or values of
g, and ¢, can readily be obtained from the algebraic relations in (5.22) and
(5.23). These results also apply to the other two cases; only the values

(5.25)
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of a, and @, are different and depend on the conditions at the edge.

n Don P1n
0 1 1
1 -1 2
2 —  .667 3.33
3 —  .722 5.77
4 —  .944 10.39
5 — 1.370 19.19
6 — 2,125 36.13
7 — 3.452 69.05
8 — 5.803 133.5
9 —10.01 260.4
TABLE I

The boundary layer equations for the functions $,(y) and §,(y) in the
expansions

;5(?/, k) = i k_nﬁn(y):

(5.26) =0
gy, k) = zok‘"tin(y)
have the form
8y + 142Gy = O,
5.27 ey
( ) Po =0,
4 -n_' —n— ”+ S '_n— = O:
(5.28) (@a=90na)"+ 2 D10y R
S(ZBn—?/fn-—l)"— _2(:) §iGn—s—2 =0,
iz

where ¢_; and §_, are to be taken equal to zero. The boundary conditions
at y = 0 are

(5.29)  §.(0) =0,  25,(0)—(1—»)p,_,(0) = 0, n=0,12""-
and $_; is to be taken equal to zero. The boundary conditions at y = o

are: the $, and §, are to approach polynomials consistent with the relations
(5.12).

The first two sets of solutions of (5.27) and (5.28) which also satisfy
(5.29) are

Po = —4a?,
P = —2a2(1—v)y+pyp,
(5.30) o = o (1—g=ov
. o = é;z( —e),

_ 1—y b P ( v 1 y ) ye=ov
= -— — —a Py, _ 5 _ _
h 16227 + 3245 3248\ +2czy(3 64a2 (5+v—[3—]ay),
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in which the constants & and $;, are yet to be determined.

The conditions (5.12) necessary to relate the interior and boundary
layer solutions can be stated in the following way so as to provide the great-
est insight. We first use the solutions 4 and $, to write the first few terms
of $(y, k) in accordance with the pattern of (5.11); thus,

By, k) = _442*—;—2512(1—11)3/ 4o

(5.31) 1

We now use the interior solutions p,(z) and p,(z) to obtain the corresponding
expansions of P(z, &):

Pz, k) = po(1)—apy(1) + -
(5.32) +%pl 1 + ---

+ e

The relations (5.12) indicate that
?0(1) = -_4('12’
po(1) = 2a2(1—v).

Since p,(1) and py(1) depend only on the parameter a, we can solve the two
equations (5.33) for 4 and a,. This yields

(5.34) ay = 1.72, a=0.2885

(5.33)

and the zero order solutions are completely determined.

The constants 4, and $,, can be determined by the same method after
the second order solutions of the boundary layer problem are obtained,
yielding

(5.35) 4= 1022,  f, = 1618,

and these complete the numerical solution of the first order problems.
(These solutions have also been obtained by Chien.)

Since $,(y) and 5, (y) turn out to be polynomials, they simply duplicate
some of the terms in Py(x) and P,(z), as shown in (5.31) and (5.32). The
same is not true of §, and §, compared with Qy(z) and Q,(x). The former
contain terms which do not appear in the latter; namely, the exponential
terms which make a significant contribution at y = 0 (x = 0 or z = 1) but
which otherwise become small compared to the other terms in the neighbor-
hood of # = 0 as y increases {i.e., x = § > 0 and % increasing). These terms
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are the integral functions of finite order previously referred to, and they
give rise to the boundary layer phenomenon. No such transcendental terms
are found in $y and $,; , but they appear in $, and all higher order $, . It is
customary to say that there is no boundary layer effect to zero or first order
in the quantity #, but that there is such an effect in g.

It can be shown that, in general, $ will not have zero-th and first order
boundary layer effects if it has the form (5.11) rather than (5.20) and, if
its value at « = 0 approaches a non-zero constant as £ — co. For, if py(y)
and $,(y) contained integral functions of finite order m,(y) and m(y),
respectively, the complete solution for p(z, ) could be written as

Pz k) =Py k
1 @ -
= 7(y) + Poo+ 7 [m %)+ P+ Puyl+ X F"D,.(y).

n=2

(5.36)

The original equation (2.18) can be rewritten as

(2.18") g% = 8zp"' - 16p’".
Substituting (5.86) in this expression, it follows that
(5.37) g% = k? - 8zmy +k[— 167, 8zn;']+additional terms;

the “‘additional terms” are representable as a series in zero and negative
powers of £ multiplied by regular functions of y. From (5.37) it can be seen
that if ¢ is to remain bounded as % increases, then z , 7y and @;’ must equal
zero everywhere, and it follows that =, and #; are identically zero. These
conclusions do not apply to higher order terms z, , @3 , * - - since these appear
only among the ‘“‘additional terms’ in (5.37), which remain bounded as
% increases.

It is of interest to note the effect of the absence of zero-th and first order
boundary layer effects in $ on the boundary conditions in this quantity.
In general, » can then be expressed as

(5:38)  p(nk) = pole)+ %MH ;1- [a(y) +£2(2)] 40 (ki) '

Substituting this expression into the boundary condition

(2.194) 0 = 2 (1)+(1—»)p(1),

we obtain

(5:39) 0= 33(1)-+(1—5)po(1)-+ = [2£3(1)+ (1=9)a(1) —(0)] +0 (1) -

This equation must be satisfied separately for each power of k. It therefore
follows that the boundary condition for p, is the same as that for the func-
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tion p itself. One may say that the interior problem (in zero-th order) ‘“‘re-
tains’’ the original boundary condition in #.

On the other hand, it can be seen that the interior expansion will not,
in general, yield the correct boundary condition for ¢, and higher terms if
second and higher order boundry layer effects exist. Similarly, the existence
of a zero-th order boundary layer in ¢ makes it impossible to apply the
boundary conditions in ¢ to the interior problem.

These results are noteworthy because they indicate that the interior
problem can be completely formulated in zero-th order without reference
to the boundary layer solutions in Cases A and B. They also explain why
Hencky'’s solution of the problem of a loaded membrane with fixed circum-
ference (neglecting bending) is correct. The differential equation for the
loaded membrane is the same as in the zero-th order interior problem (5.22),
and Hencky made the assumption that the boundary condition on , in
(2.19A), was retained. We can see from the foregoing discussion that this
assumption is valid.

0 2 4 6 8 1.0
T T T T T T

k=10

-0.27 ’p°|[k=l4.|]

° k=141
-0.34
k= o
-04-
-0.54

Figure 2
Dimensionless Radial Stress, Case A

The interior and boundary layer solutions can be combined as in equa-
tion (5.13); thus, if only the zero-th and first order solutions are included,
we obtain

Pul 1) = B A,
1—v 1
ol B) = o)~ o Haule) o [ ) Ty 2

(5.40) y— L2
164% 32a4

02|

These approximations are plotted in Figures 2 and 3 for 2 = 14.1 together
with the power series solutions and the zero-th order interior solutions. It
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can be seen that ¢, provides a better approximation to the power series
solution for ¢ than the interior solution alone.

k=10

_

.8+

Figure 3
Dimensionless ““Slope’’, Case A

III. Case B (pinned edges, free to rotate). The interior problem in this
case is identical with that of Case A, and hence the solutions have the same
form (5.25). The boundary layer equations are also the same as for Case A
but the boundary conditions at y = 0 become

25, (0)— (1—)p,4(0) = 0,
2gn(0)_(1+1’)q-n—1(0) = 0.

Using the same methods as for Case A, the boundary layer solutions
turn out to be

(5.41)

- 1
= —46[2, 7 — N
Po 9o 842
(5.42) 1
- _ —v 1
Py = —2a*(Ll—»)y, h= T Tenrd T g;ge_a"-

The zero-th order solution in # is the same as for Case A, so that a = 0.288
and @y = 1.72. The first order solution in p yields a, = p,, = 0, that is,
pi(z) = 0.

It can be seen that ¢ does not have a “boundary layer effect” in the
zero-th order in this case. The combined approximations can be obtained as
in the preceding case and the results are plotted in Figures 4 and 5 which
also provide a comparison with the power series solutions.
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-0.30

-0.34 1

-0.38 1

Figure 4
Dimensionless Radial Stress, Case B

k=14

4

o

. & 8 1.0

Figure 5
Dimensionless ‘Slope’’, Case B

IV. Case C (simple supported edges). The analytic difficulties which
arise in attempting to solve this case are much greater than in the other two
cases, and it was found expedient to obtain only the zero-th order approxi-
mation,

The interior solution for p4(2) is the same as in the preceding cases with
a4 again left undetermined. As before, it is possible to obtain a boundary
condition for $,(1) without recourse to the first order solutions, but the rea-
soning is somewhat more involved:
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-0.14

-0.2 4

-0.4-

Figure 6
Dimensionless Radial Stress, Case C

If py(1) has a finite non-zero value, the proof presented in the discussion
of Case A to show that p does not have zero-th and first order boundary layer
effects can be carried through. However, this has as a consequence that
po(1) must satisfy the same condition as (1), namely,

(5.43) pol1) = 0,

which contradicts the assumption that $4(1) % 0. This has an interesting
implication; for, if p,(2) has a zero at z=1 of fractional order, the above
mentioned proof in Case A is no longer valid and p may possess a zero-th
order boundary layer effect. This is, indeed, the way matters turn out.

Figure 7
Dimensionless ‘““Slope”, Case C
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The boundary condition (5.43) determines the value of a, as 1.28.
The value of g4(z) can now be obtained from (5.22),

1
2po(2)
This indicates that gy(z) has a pole at z = 1, and to determine its degree we
reformulate the interior problem in terms of functions of z:

(5.44) fol2) =

1+2PyQy = 0,
(5.45) 8([1—x]Py)"—@§ = 0,
Py(0) = 0.
The leading terms in P, and @, are found to be
mm=—ﬁﬂ,
4

(5.46) .

Qo(x) = §i7.\; x_%:

and these are sufficient to establish the asymptotic forms of py(y) and
Jo(y). If, asin the introduction to this section, we set # = ey, the value of ¢
is determined by the requirement that the boundary layer equations be non-
trivial and have the same order as the original system. This yields ¢ = k%,
The asymptotic forms of the boundary layer solutions, which also serve as
the boundary conditions at ¥ — o0, then can be written as

- 9% ,
Poly) > — Zk”%y/“,
(5.47) as y — oo,

_ 2 .
3o(y) —>-9—1/;k'/2 yh,

We now introduce the new variables
Boly) = B5 Boly),
Goly) = k% g(y),
and obtain the zero-th order boundary layer equations
87y +1+2p,d, = 0,
8y —a% = 0.

Multiplying the first of these by 4, , the second by $, and subtracting the
second product from the first, we obtain an expression which can be inte-
grated to yield

(5.50) 4(30)2—4(Bp)2+ 3o +35By = .

(5.48)

(5.49)
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The constant of integration has been eliminated by applying one of the con-
ditions derived from (5.47), namely,

9% |
boly) — — z'?//’ )
(5.51) ” as y —> oo.
Q‘O(y) 5173 y—%:
1.24
k=|o
08
pc k=14
0.4
k= 00
A 8 Lo
Figure 8

Dimensionless Circumferential Stress, Case C

The zero-th order boundary layer problem thus consists of the equation
(5.50) and either one of the equations (5.49) together with one of the bound-
ary conditions at infinity (5.51) and two conditions at y = 0, i.e.,

(5.52) 50(0) = 0, 4o(0) = 0.

Actually, the second equation of (5.49) was chosen and a numerical integra-
tion of the problem was carried out by means of the following procedure:
the system of equations can be integrated by a step-by-step method when
Go(0) is given in addition to conditions (5.52). It can be shown that the
requirement that §, approach zero as y approaches infinity in accordance
with (5.51) implies that §y(y) < 0 and §,(y) > 0 for all y. If §y(0) is chosen
too large, it leads to positive values of §, for some values of y, and if §,(0)
is too small, it causes §, to become negative in the course of the integration
of the system of equations. This allows us to obtain §,(0) to any desired
accuracy by carrying out a sequence of integrations based on successively
improved estimates of §,(0). This process also furnishes solutions for $,(y)
and §,(y). Our best estimate of §,(0) is 0.799.
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o 2 4 .6 8 1o
z

Figure 9
Dimensionless Radial Bending Moment, Case C

z

-0.14

0.2

-0.34

-0.91

Figure 10
Dimensionless Radial Stress, Case C, & = 14.1
P — power series solution; 4 = p,, — approximate solution;
I — interior solution; B -- boundary layer solution

As explained in the introduction to this section, the solutions $y(y) and
do(y) contain the lowest degree terms of k%P (x) and 2~%Qy(z). The
zero-th order approximate solutions combining interior and boundary layer
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solutions are therefore
Y%

Bool) = ole)HERBo)+ 7 (1=2)%,
(5.53)

2 3
Ga0l?) = qo(2)+R%Go(y)— o (1—2)7%.

These approximate solutions have been evaluated for £ = 14.1 and the
results are plotted in Figures 10 and 11, together with the power series
solutions as well as the interior and boundary layer solutions, for the same
value of 2. It can be seen that good qualitative agreement has been achieved
by means of the g, and g,,.

|
4.0 -
q a
P
3.01
B

2.0

I.O '2 l4 ls le llo

0.0 . 4, .
Figure 11

Dimensionless ‘“‘Slope"”’, Case C, & = 14.1
P — power series solution; 4 = {3 — approximate solution;
I — interior solution; B — boundary layer solution

The above solutions can be used to determine the bending stresses and
moments when % is large. Table II contains a summary, for the entire range
of %, of the maximum stresses and moments which occur in Case C.

k? Pmax P, (edge) My max
Small — A% 0012 A4X 00174 %X .206
10 —.0996 148 1.85
20 —.224 .364 2.61
40 —.312 610 3.18

100 — 345 867 4.85
200 —.344 1.238 7.45
Large —.321 Bax 894 Elax 216

TABLE II
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The relationship of $, p, and m, to the radial and circumferential stress and

to

[

[6:

{7
(8’

9

[}

the bending moment and stress are defined in Section 2.
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